We explicitly construct massive (0, 4) supersymmetric ADHM sigma models which have heterotic p-brane solitons as their conformal fixed points. These yield the familiar gauge 5-brane and a new 1-brane solution which preserve 1/2 and 1/4 of the spacetime supersymmetry respectively. We also discuss an analogous construction for the type II NS-NS p-branes using (4, 4) supersymmetric models.
Introduction
Constructed as Bogomol'nyi solitons of supergravity theories, p-branes have been studied extensively throughout the history of superstring theory. The extent of their importance is however, only now becoming fully appreciated. The U-duality conjecture [1] , along with other string/string and even string/p-brane dualities, requires that p-brane soliton states are on an equal footing as string states in the full nonperturbative quantum theory [2] . This interpretation has led to a fundamentally new understanding of string theory in which p-branes are of central importance.
p-branes are associated with (p + 2)-form fields strengths tensors (or their 10 dimensional (10 − p)-form Poincaré duals) of superstring theory. In the type II theories they divide themselves into R-R p-branes: p = 2, 4, 6, 8 for the IIA string and p = 1, 3, 5, 7 for the IIB string and NS-NS p-branes: p = 1, 5 for both the IIA and IIB strings. The heterotic strings contain a 1-brane and a 5-brane in the NS sector and the type I string has the same spectrum of p-branes but in the R-R sector. R-R string states have evaded the standard methods of string theory since they do not couple naturally to the worldsheet, whereas NS (NS-NS) states appear as the moduli of the underlying conformal sigma model. Recently however, Polchinski has provided the R-R p-brane solitons with a string theory interpretation as spacetime field configurations around a D-brane [3] . Thus the R-R p-branes can be understood within the language and tools of conformal field theory, with D-branes interpreted as a nonperturbative worldsheet configuration.
On the other hand the NS (NS-NS) p-branes do correspond to exact conformal field theories [4] (indeed we shall construct some of them here) and are therefore much better understood within string perturbation theory. Nevertheless the power of Dbranes has led to a wealth of recent results on R-R p-branes. Furthermore NS-NS p-branes have also been well studied, in part due to the extended supersymmetry which the type II strings possess. However, heterotic p-branes have to date received much less attention and this paper may be seen as a small attempt to improve this situation.
The perturbative massless NS (NS-NS) states of string theory are the moduli of a conformally invariant sigma model. In conformal field theory language they correspond to a truly marginal deformation of the sigma model which does not alter the conformal structure. The addition of a mass term into a conformal sigma model explicitly breaks the conformal invariance. However, we may regain a conformal theory by following the renormalization group flow into the infrared, whereby we move into a new string vacuum -corresponding to deformation by a relevant operator. Here we will consider massive linear supersymmetric sigma models which flow in the infrared to conformal sigma models describing spacetime NS p-branes. In particular, when the mass is set to zero these models describe ten dimensional Minkowski spacetime, while as the mass tends to infinity (i.e. the infrared limit) they describe the spacetime of an NS (NS-NS) p-brane.
⋆
From the spacetime effective action point of view extremal p-branes are distinguished as they preserve some supersymmetries of the vacuum and therefore fall into short supermultiplets. As a consequence we expect them to correspond to true states of the full quantum theory. On the worldsheet we need to search for exact conformal field theories. To this end we will look for sigma models with offshell (0, 4) and (4, 4) supersymmetry as there is a superfield argument that these theories are finite to all orders and therefore yield exact conformal field theories [5, 6] (there is a technical problem with anomalies in the chiral models which will be addressed below).
Previously Witten has constructed an (0, 4) supersymmetric massive linear sigma model whose infrared fixed point describes target space ADHM instantons [7, 8] . We may tensor the resulting (0, 4) supersymmetric conformal field theory with a flat sigma model on 6 dimensional Minkowski space to obtain the gauge ⋆ In a sense these massive sigma models may themselves be thought of as soliton-like objects in the space of 2 dimensional quantum field theories since they interpolate between two distinct vacua of string theory as m ranges from 0 to ∞.
5-brane of the heterotic string [9, 10] . In this paper we will generalize this construction to consider massive linear sigma models whose infrared fixed points are (0, 4) supersymmetric sigma models on hyper-Kähler target spaces of dimension 4k, k ∈ N. For k = 1, 2 we may tensor the resulting theory with a trivial sigma model on flat 10 − 4k dimensional Minkowski space to obtain an exact, c = 0 conformal field theory. Infrared fixed points with (0, 4) supersymmetry thus naturally lead to a NS 5-brane and 1-brane of the heterotic string, for k = 1, 2 respectively.
Similarly conformal fixed points with (4, 4) supersymmetry correspond to NS-NS p-branes of the type II strings.
As is well known the gauge (and neutral) 5-brane solution is described by a (0, 4) supersymmetric sigma model which breaks half of the N = 1, D = 10 supersymmetry of the spacetime effective action [10] . This leads to (0, 1) supersymmetry of the D = 6 worldsheet effective action [11] . There is a similar picture for the For the rest of this paper we shall attempt to find NS p-branes following the above reasoning. In the next section we will construct (0, 4) supersymmetric massive sigma models and calculate their conformal fixed point. We review the case of a four dimensional target space, already discussed [7, 8] , leading to the gauge 5-brane. We then discuss the case of an eight dimensional target space which has not been considered before and leads to a new 1-brane solution of the heterotic string. In section three we turn our attention to the type II strings, where an analogous construction with (4, 4) superconformal fixed points leads to NS-NS p-branes, although we will not present the details of these models here.
(0, 4) Supersymmetry
Here we shall use an on-shell (0,4) supersymmetric linear sigma model first constructed in [7] . 
The mass terms arise from a tensor C a AA ′ (X, φ),
where
The action for the theory is given by
and m is an arbitrary mass parameter. This theory then has on-shell (0,4) supersymmetry and, as is discussed by Witten [7] , parallels the ADHM construction of instantons with instanton number k ′ in a target space dimension of 4k.
Here we will consider models for which k ′ = 1 and n = 4k + 4. The right
where ρ is an arbitrary positive constant, the size of the p-brane core, which we will assume is nonzero for now. The bosonic potential for this theory is To find the conformal fixed point of this model we must first determine which are the massive and massless fields. We then integrate over the massive fields in the path integral and follow the renormalization group flow into the infrared limit.
This procedure has been discussed before [8] and so we shall only quote the results here. Due to its (0, 4) supersymmetry the action (2.3) is ultraviolet finite to all orders of perturbation theory and hence the renormalization group flow is trivial.
Furthermore as the massive fields appear only quadratically integrating over them is exact at one loop.
We already know that X AY and ψ A 
where we have introduce an orthonormal basis of zero modes of B a
and a similarly defined orthonormal basis for the image of B a AY ′ , u a I . The massless components of λ a + are therefore ζ i + and the massive components ζ I + . For the potential given in (2.4) we obtain
When k = 1 we may write ǫ AB X A Y X B Z = 1 2 X 2 ǫ Y Z and these expressions just reduce to those found in [7] .
Postponing the problem of chiral and supersymmetry anomalies until later the infrared conformal fixed point is a (0, 4) supersymmetric sigma model with flat target space R 4k and Yang-Mills connection
which we obtain to be
The field strength of this connection can be determined from the standard expression or as the four fermion term in the tree level contribution to the integral over the massive modes [8] . Either way we obtain
The conformal fixed point action takes the form
Thus we obtain a nontrivial (0, 4) supersymmetric sigma model for the conformal fixed point. The ADHM construction ensures that the field strength (2.11) is self dual [15] and by virtue of the Bianchi identities solves the Yang-Mills equations. It is important, however, to check that this model is ultraviolet finite. While power counting arguments can be constructed to ensure this [5] , they rely upon the existence of an off-shell superspace formulation of the theory. The original theory (2.3) only has on-shell supersymmetry but we may promote the supersymmetry of the action (2.12) to off-shell (0, 4) supersymmetry using constrained superfields [5] since the gauge group is Sp(k). (Note from (2.11) that the SU(2) factor of the Sp(k) × SU(2) gauge connection is flat.)
There still remains the problem of anomalies. As is well known the chiral sigma models suffer from anomalies which may be canceled by the inclusion of a nontrivial 3-form H such that
However, there will be additional anomalies as the (0, 4) supersymmetry is not preserved by the quantization procedure. Indeed there is a two loop divergence for this theory [16] which seems to contradict the power counting arguments. To resolve this requires, in addition to (2.13) , that the metric receives a correction in the form of a finite local counter term [6] . This restores the (0, 4) supersymmetry which is broken by the renormalization procedure and corresponds to the field redefinition
In principle the antisymmetric tensor b AY BZ may also require a redefinition, however this will not be needed here. Thus the action (2.12), while ultra-violet finite and therefore conformally invariant, requires corrections in the form of finite local counter terms.
Instead of applying the analysis of [6] to eight dimensions we may find the finite local counter term by requiring that the two loop divergences of the action (2.12) are canceled. In this way we obtain, from the general calculation in [16] , (2.14) to be
Such a term presumably also restores the (0, 4) supersymmetry although we have not explicitly checked this (there is evidence that this must be the case [17] ). H can be simply determined as the Chern-Simons 3-form of the gauge connection (2.10).
In fact (2.15) only ensures the β-functions vanish up to a diffeomorphism X AY → X AY + ξ AY of the worldsheet fields. In particular the metric β-function of the above model is actually
where the vector field ξ AY is given by the gradient of a scalar,
The point of this discussion is that the Curci-Paffuti relations can be used to show that ϕ is in fact the dilaton [18, 19] . To first order in α ′ this yields
where we have assumed that the dilaton vanishes at infinity.
The 5-brane
First we consider the k = 1 case corresponding to an eight dimensional target space. This case has already been considered in [7, 8] but we may find it by simply setting k = 1 in the above. In this case the gauge group is Sp(1) ∼ = SU(2) and we
)
20)
In 4 dimensions we may write H = − ⋆ df for some function f . We then find from (2.13) and (2.19) that
which can be solved to give
with ϕ given in (2.21).This is the gauge 5-brane of [9, 10] to order α ′ and corresponds to the field strength of an instanton on R 4 . It is completely nonsingular for ρ > 0.
The solution was originally constructed as a Bogomol'nyi soliton of the effective supergravity theory breaking half the supersymmetry. The 5-brane has a finite mass per unit 5-volume [9] which saturates the Bogomol'nyi bound. If we let ρ → 0 we obtain the neutral 5-brane [10] . The field strength (2.19) vanishes (more precisely it becomes a delta function about X 2 = 0). In this case the singularity in the metric at X 2 is moved an infinite spacelike distance away. Thus the solution remains completely nonsingular.
The 1-brane
To find a similar 1-brane solution we consider the case k = 2, i.e. an eight dimensional target space. The gauge field now lies in Sp(2) ∼ = Spin(5). From (2.18) the dilaton is
but the field strength (2.11) cannot be simplified in this case. It is instructive then to rewrite the metric in terms of the standard complex coordinates {y, z, t, w} on 24) hence X 2 = 2(yȳ + zz + tt + ww). The metric is then 25) where we have introduced the Sp(2) invariant 1-forms dα = ydȳ + zdz + tdt + wdw ,
The metric (2.25) is hermitian and positive definite. The torsion H AXBY CZ can also be found as the Chern-Simons 3-form, 27) where the trace is over the Sp(2) × SU(2) group indices which we have suppressed in (2.27). The exact form of H is complicated and so we omit it here.
This solution is clearly not invariant under SO(8). It is in fact only invariant under the subgroup [20]
While the field strength (2.11) is similar to the octonionic instanton [21, 22] the metric (2.25) is clearly different to that of the octonionic 1-brane [14] . In addition the gauge group here is Spin(5), whereas the octonionic instanton is specific to an SO(7) gauge group. A further difference is that the octonionic 1-brane admits only (0, 1) supersymmetry but our solution explicitly admits (0, 4) supersymmetry.
One can understand the appearance of these two distinct heterotic 1-branes from the spacetime point of view as follows. In order for the 1-branes to preserve some spacetime supersymmetries it is necessary to have a self dual field strength [9, 10] . This ensures that the gaugino supersymmetry variation vanishes. In four dimensions the ADHM construction is complete in that it produces all self dual field strengths [15] . However, above four dimensions this is not the case as evidenced by the existence of the octonionic instanton [21, 22] which cannot be constructed by the ADHM method. This can be seen by noting that above four dimensions the ADHM construction produces three eigenspaces of self dual tensors while the octonionic instanton has only two [15, 22] Although the metric (2.25) is asymptotically flat, its fall off in the eight transverse dimensions is too slow to give the 1-brane a finite ADM mass per unit length.
This is a result of the slow fall of F as X 2 → ∞. Since all solutions to the YangMills equations have infinite action in dimensions greater than four presumably all such 1-branes have infinite masses per unit length, as is the case of the octonionic 1-brane. It is impossible to say whether or not the solution saturates a Bogomol'nyi bound since H falls off only as fast as 1/X 3 at transverse infinity and therefore the the Bogomol'nyi bound also diverges [9, 10, 14] .
In either of the two complex planes {y, z, 0, 0} and {0, 0, t, w} the metric ( 
(4, 4) Supersymmetry
In order to apply an analogous analysis to the type II strings we must find corresponding massive sigma models whose conformal fixed points admit (4, 4) supersymmetry. The analysis of these theories is significantly different to those above as there are no anomalies and no extraneous two loop divergence which need to be canceled. Indeed it may be that (4, 4) supersymmetry is too restrictive to produce a nontrivial conformal sigma model in the infrared limit. We do not address this issue here but instead we will try to deduce the form of the conformal fixed point from general considerations. Similar discussions have appeared in [23] , where fixed points of the model (2.3) with (4, 4) supersymmetry where studied, and also in [24] for k = 1 where general conformal field theory arguments were employed.
The conditions on the potential of a linear (4, 4) sigma model have been discussed in [25, 26] . With the same bosonic fields as the (0, 4) supersymmetric case the potential has the form
As before there is a rigid SU ( 
The general form T AY BZ which satisfies (3.2) and is invariant under SU(2) ×Sp(k)
is
where Q and Q ′ are constants. Using the same method as above we then obtain the dilaton to be
where we have assumed that ϕ vanishes at infinity. Given this form for T AY BZ the torsion counter term X must satisfy
These conditions only ensure that the sigma model remains finite at two loops [16] . This is required by, but is not by itself sufficient for, (4, 4) supersymmetry.
In addition g AY BZ and the generalized connection ω (−)
AY must be compatible with the hyper-Kähler structure [5] .
First let us consider the case k = 1, where the target space of the conformal fixed point is four dimensional. Here there is a simple form for H, as used above in the (0, 4) supersymmetric case, and we obtain the metric, dilaton and torsion
This is easily recognizable as the the symmetric 5-brane of [10] and is indeed an exact (4, 4) superconformal field theory.
We now turn to the k = 2 case. The metric, written in the same coordinates as (2.25), and dilaton now take the form
Unfortunately however, our simple analysis does not provide a form for H. To remedy this a more detailed argument using the harmonic superfield analysis of [23] would be useful.
Comments
In this paper we have explicitly given massive (0, 4) supersymmetric sigma models whose conformal fixed points are NS p-branes of the heterotic string and computed the leading order term required to cancel the anomalies. We have also considered the case of the type II strings but not pursued the details here. We hope to fully address the (4, 4) supersymmetric sigma models in a future work. In conclusion we would like to make some comments.
As was discussed in [24, 8] ′ fields degenerate to zero mass. We would be led to the false conclusion that the vacuum moduli space is flat with a degenerating manifold structure at the origin. But this is exactly the same situation that appears with a (4, 4) theory based on the potential (3.1). This lends further support to the conjecture that (3.6) and (3.7) with Q, Q ′ = 0 are indeed the (4, 4) superconformal fixed points.
Another generalization of the above analysis would be to add mass terms to an exact conformal sigma model with a curved target space and then similarly obtain the infrared fixed point conformal field theory. For example the linear model considered here could be modified to a (4, 4) supersymmetric massive sigma model with curved target space. In particular one could consider the sigma model of the symmetric 5-brane [10] . Since this metric is conformally flat and the Yang-Mills equations conformally invariant in four dimensions, the ADHM construction can again be applied.
In the k = 1 cases above it is also possible to tensor the infrared fixed point theory with another (0, 4) or (4, 4) conformal field theory on a compact hyperKähler four manifold K (for example K = T 4 or K 3 ) and then again with a trivial sigma model on two dimensional Minkowski space. With this construction we obtain a 1-brane in string theory compactified to six dimensions on K, but with the metric and 3-form (3.6) in the transverse space. This is the construction of [4] and from the ten dimensional point of view corresponds to a 5-brane wrapped around K. These solutions preserve 1/2 of the D = 6 spacetime supersymmetry and hence 1/2 or 1/4 of the D = 10 spacetime supersymmetry for K = T 4 , K3
respectively.
Another possibility for the k = 1 cases is to tensor the conformal fixed point theory with another copy of itself and then with a trivial two dimensional sigma model. Thus we arrive at the double instanton solution [28] I would like to thank G. Papadopoulos and P.K. Townsend for discussions.
